Abstract--lnternal filtration in slurry bubble columns offers a possible solution to the filtration problems related to this reactor type. The applicability of the concept has already been demonstrated at full-scale for waste water treatment. Theoretical description of internal filtration is lacking, however.
t. INTRODUCTION
In slurry bubble columns a gas, a liquid and a solid are brought into intense contact. Usually the applied solid particles are small (<200p, m), leading to a strenuous liquid--solid separation for processes involving a liquid product (e.g. hydroxylamine formation in the DSM HPO process, Fischer-Tropsch synthesis). Internal filtration in these cases eliminates the necessity to pump slurry to an external filtration section. Furthermore, when filtering inside the slurry reactor, turbulence induced by rising gas bubbles can be used to keep the filters clean.
Internal filtration has already reached commercial scale application in sewage sludge treatment (Kraft *Corresponding author. Tel.: (~31534892890: fax: 0031534894774.
and Mende, 1995) . Application of internal filtration in Fischer-Tropsch synthesis has been the subject of some patents (Rytter et al., 1994; Jager et al., 1994) . Liquid solid separation is in all cases claimed to be facilitated by gas flow-driven turbulence.
In our previous study the hydrodynamics of threephase filtration were studied both experimentally and theoretically (Huizenga et al., 1997) . It was derived both from a surface renewal model and a force balance model that solids concentration in the vicinity of the filter should uniquely depend on a single dimensionless number. On the basis of experiments in which cake resistance was determined as an indirect measure of solids concentration, the validity of the novel dimensionless number could be demonstrated. In our previous experiments glass beads possessing a narrow size distribution were used, while in the models monodispersity was assumed. In practice, broad particle size distributions often occur, which may lead to anomalous behaviour. The present article therefore treats the influence of particle polydispersity on threephase filtration hydrodynamics.
THEORY

Force balance model
Consider a single particle in the vicinity of a filter in a three-phase system. In the Stokes regime the drag force exerted on the particle due to permeate flow can be formulated as Fj~ = 37trhdpJ(l -tzs.b) -4"~
According to the above equation the drag force acting on an isolated particle is corrected for the presence of other particles as described by Wen and Yu (1966) . Turbulent fluctuations due to the passage of bubbles in the vicinity of the filter cause a resuspension force counteracting the drag force, where the expression for the former force is given by Fk = 14 rtdZp,(u') 2.
Following Davies (1986) , the fluctuation velocity of the eddies responsible for particle resuspension can be formulated as
U' 1 ~-3~/:s. b'
The denominator in the above equation corrects for turbulence damping due to the presence of particles.
Huizenga et al. (1997) showed that in three-phase filtration for particles in the size range of interest, the Kolmogoroff-scale 2k is the length scale characteristic to the resuspending eddies, where 2k can be obtained from where as the expression for the energy dissipation rate per unit mass is given by P. Huizenga et al.
Cut-off diameter
For a polydisperse solid phase one can immediately conclude from eq. (7) that equilibrium can only be attained for a single diameter in the size range concerned, termed the cut-off diameter. Particles possessing a smaller size than the cut-off diameter will deposit on the filter, since drag force is proportional to particle diameter, while resuspension force is proportional to diameter squared. On the other hand, particles possessing a size exceeding the cut-off diameter will remain suspended. In crossflow microfiltration, Foley et al. (1995) successfully described the influence of particle polydispersity using a cut-off diameter concept.
Stratified cake build-up
If in a set of three-phase filtration experiments gas velocity is gradually reduced to its steady-state value as in the experimental procedure followed, cut-off diameter will gradually increase, leading to stratified cake build-up with particle size increasing with distance to the filter (Fig. 1) . Assuming a perfectly stratified cake, its resistance R, for a certain (steadystate) cut-off diameter can be calculated from the particle size probability density function using the Kozeny-Carman equation
x ~}(dp)ddp.
Since for a perfectly stratified cake every layer consists of monodisperse particles, cake solidity is assumed to
Permeate Flux
Kinematic viscosity of the liquid-solid suspension was calculated from the following expression due to Deckwer et al. (1980) :
At hydrodynamic equilibrium the aforementioned forces balance, leading to
where the right-hand side of this equation depends only on ~*b. Thus, solids holdup in the vicinity of the filter is determined by the dimensionless number appearing in the left-hand side termed cake build-up number and density ratio (pJpt). The latter only enters the equation through kinematic slurry viscosity and its effect can be neglected for the low solids concentrations considered in the present study. Fig. 1 . Schematic drawing of a perfectly stratified filter cake.
Itydrodynamics of the continuously filtering slurry reactor bc constant in the abovc derivation. In the above equations, a finite size range for the particles is assumed, as frequently occurs in practice.
The ratio of actual and maximum cake resistance Icakc ratio) plays an important role in the interpretation of experiments. For a perfectly stratified cake this quantity can be calculated solely from particle size distribution and cut-off diameter. The expression for the cake ratio (CR)is given by
Resistance diameter is now defined as the cut-off diameter at which the resistance attains half of its maximum value:
Step Junction model
If one neglects the effect of solids concentration in the equilibrium condition [eq. (7)], the right-hand side reduces to 112. It follows that if the cake build-up number based on a certain particle size is below or above that critical value, all particles of this particular size will be suspended and deposited, respectively. Consequently, if the resistance diameter is substituted in the dimensionless number for every particle size distribution applied, the critical dimensionlcss numbers for that diameter coincide. Additionally, assuming perfectly stratified cake build-up, it follows that at this critical value cake ratio attains the value 0.5 by definition [eqs. 110) and (11)]. Therefore, based on the assumptions given curves of cake ratio vs cake buildup number should intersect at CR = 0.5 if one inserts resistance diameter in the cake build-up number. In practice, the effect of solids concentration cannot be neglected• However, if the effect of concentration is dominated by the effect of particle polydispersity the assumptions given may still hold to a large extent.
Polydisperse filtering slurry hubble column model
The extended force balance model including cut-off diameter and perfectly stratified cake build-up is embedded in a model describing hydrodynamics of the rectangular filtering slurry bubble column used in the experiments IFig. 2). This column is equipped with two filters in parallel at a certain axial position, where, depending on imposcd conditions (Uo, J, v~), load of solids (M~.,°,) and particle size distribution, a cake of solids may form. Cake ratio should be calculated as a function of the variables mentioned to allow comparison with experiments. Since this quantity is completely determined by cut-off diameter [eq. (10)], it suffices to determine the latter for every set of conditions. If one assumes a ccrtain value for cut-off diameter, the corresponding equilibrium value of solids holdup can bc determined from the equilibrium condition [cq. (7)] by bisection at the interval [0, ;;,.,]. The mass of solids that would be present in the slurry bulk can then be calculated as will be discussed. By integration of the probability density function thc mass of solids that would bc present in the filter cake follows: [(d~lddp. 112) .ad, ,,~
If at a certain cut-off diameter the sum of the masses of solids that would be present in cake and bulk amounts to more or less than total load of solids, cut-off diameter should, respectively, be decreased or increased. Using bisection at the interval I_dp. mm,dp .... ] cut-off diameter is determined with an accuracy of 10 5 relative to interval width. Prior to the iteration process, all occurring integrals concerning size distribution are calculated over the full size range using 
The above equation is based on integration of the solids concentration profile over the total slurry height. At the position of the filters axial variations are neglected, while a sedimentation-dispersion (SD) model is applied to the regions above {top) and below the filter zone {bottom). The bulk volume of the slurry in the filter zone is corrected for cross-sectional area reduction duc to cake formation [ Fig Further details concerning the derivation of eq. (13) can be found in Huizenga et al. (1977) . The SD model was extended to include the influence of particle size distribution by Smith et al. (1986) . Since the equilibrium condition (7) however only requires total solids concentration, it is decided to use the well-established equations for axial dispersion coefficient (D .... ) and sedimentation velocity (up) by Kato et al. (1972) . In these equations, volume-average diameter of the particles that would be present in the slurry bulk is substituted:
'i ~" dpf(dp) ddp p. .,~f f'i " f(dp) ddp ~ dp cu,-~f dp. ,. -dj(dj,) ddp ~ dp .,,
1 -f(dp) ddp J dp....
Finally, the required value for gas holdup is obtained from the equation given by Darton (1984) •
EQUIPMENT AND EXPERIMENTAL PROCEDURE
The experiments were performed in a rectangular perspex slurry bubble column (W = 25 mm; L = 50 ram) possessing filters (L = 50 ram) of 488 mm length on two parallel sides, at 40 mm distance from the bottom. In axial direction the permeable area was divided into four equally sized parts by dams of 8 mm height leaving 116.50 mm 2 permeable area per part• Each part had its own collection compartment equipped with a liquid outlet at the bottom, a pressure indication point at half-height and a deaeration outlet at the top. At the half-height of each compartment the back wall of the column was equipped with pressure indication points covered with 165 x 1400 mesh wire gauze to prevent solids discharge from the column. During the experiments reported in this study only the left and the right top compartment were used (H~,om = 412 mm; Hfil,¢r = 116 mm). A flow scheme of the experimental set-up is shown in Fig. 3 . For further details concerning the set-up the interested reader is referred to Huizenga et al. (1997) .
Weighed amounts (10--60g) of glass beads (Ps = 2890 kgm-3) were added to the column via the removable top section. For each batch of solids part of this study, the cumulative size distribution function was measured using a Leeds and Northrup Microtrac X-100 Particle Analyzer. Measured data were subsequently fitted to a particle size distribution of the following form (Peleg et al., 1986) :
with dp -dp, mi. 1 Z -dp .... -dp.=i." f(dp) -dp .... -dp. z -z 2 + 0.001
An example of a fitted particle size distribution function is presented in Fig. 4 , while fitted parameter values (,u=, C=) for the applied batches of particles can be found in Table 1 . From the available batches of particles, mixtures possessing a volume-average diameter of about 57 ~m were made. Mass fractions of applied mixtures of these batches can be found in Table 2 . The mixture termed 'broad size distribution' was in fact a bimodal batch of particles, which was fitted as a sum of two probability density functions. The probability density function of all mixtures can be calculated by (weighed) superposition. From these functions the diameters characterizing the mixtures were calculated (Table 3) . Finally. for the mixtures applied probability density was calculated from measured cumulative size distribution data (Fig. 5) .
Experiments were performed both in the absence and the presence of particles. From the experiments in a clear system, i.e. in the absence of particles, filter resistance could be determined. In the experiments with particles present, the sum of filter and cake resistance was measured keeping the level of the gassed slurry at 589 mm (H~or = 61 mm). Details of measurement principles and procedure can be found in Huizenga et al. (1997) , while the range of experimental conditions studied can be found in Table 4 . 
Maximum resistances
For the applied loads of particles with a narrow size distribution (10, 15, 30,60g), maximum cake resistance was proven to be directly proportional to load of solids. For 30 g of particles maximum resistance was proven to be inversely proportional to the square of the series diameter req. (9)] of the particle size distributions applied. Assuming a uniform perfectly stratified cake possessing a solidity of 0.63, all measured maximum resistances could be described by the Kozeny-Carman equation with a maximum error of 3%.
Cake ratio
Similar to the approach taken by Huizenga et al. (1997) , cake resistance was scaled by its maximum value to allow direct comparison of the experimental data obtained for solids with different particle size distributions. If the resistance of the cake is a monotonically increasing function of cake volume, the cake ratio (CR) can be regarded as an indirect measure of the volume of solids contained in the slurry bulk. If the latter quantity is an increasing function of solids concentration in the vicinity of the filter, cake ratio can be regarded as an indirect measure for the latter and should therefore depend on the same dimensionless number.
Influence of load
Experimentally determined cake ratios, for the four solids loads applied, are compared with predictions obtained from the monodisperse force balance model in Fig. 6 . Both from theory and experiment it follows that at higher solids loads cake ratio starts to increase (19)]. T = 29C, dp.,. = 57 lam, narrow size distribution.
CR [-]
1 (19)]. T = 29:C, dp., = 57 lam, narrow size distribution.
at lower values of the cake build-up number Ha. Theoretically calculated curves are however considerably steeper as compared to those obtained from experiments. Results obtained from the polydisperse model show the same trend with respect to solids load (Fig. 7) . Though calculated curves are less steep than those from the monodisperse model, they are still much steeper as compared to their experimental counterparts. In Figs. 6 and 7 gas velocity in the vicinity of the filter has been corrected for cross-sectional area reduction due to filter cake formation [ Fig. 2(b) (-/b Throughout the article in model calculations a value 6.0 has been assumed for the damping factor, ~. This value was determined by fitting the polydisperse force balance model to experimental data for 30 g of glass beads with a narrow size distribution in the vicinity of CR = 0.5. Since curves are at their steepest in this region, determination of the unknown constant ~ is done most accurately this way. The observed value compares well to those found by Davies (1986) and Huizenga et al. (1997) . If the reduction of bulk volume in the filter zone is neglected compared to total bulk volume and further it is assumed that the total mass of solids in the bulk is directly proportional to its concentration in the vicinity of the filter, at each value of the cake build-up number there exists a certain equilibrium content of monodisperse solids which is independent of load. Further assuming cake resistance to be directly proportional to cake volume, cake ratio can be seen as the volume fraction of the particles present in the system that is part of the cake. It then follows from a mass balance:
The first part of the above equation expresses that as long as there are no particles in the cake, the bulk can at least contain the volume of solids present in the system. If there are particles present in the cake, the bulk of the system exactly contains its equilibrium content, as presented by the second part of eq. (20). The equilibrium content of solids at a certain value of the cake build-up number as calculated from the above equation for a certain load can now be used to obtain cake ratio at the same cake build-up number at any lower load. After some rearrangement this leads to the following relations for two different loads of solids denoted with subscripts I and II:
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Using the above equation, cake ratio curves for any load can be predicted from results at higher loads. As can be seen from Fig. 8 the transformation works quite well for the monodisperse force balance model as was already observed by Huizenga et al. (1997) . If the same transformation is however applied to the experimental results no single curve is obtained. When looking more closely, even inverse trends are observed. The model predictions of the cake ratio vs cake build-up number (Fit) curve at a load of 10g from results at higher loads shift to the left with (19)]. T = 29~C, dp.,. = 57 lam, narrow size distribution. (19)]. T = 29~C. dp., = 57 lam. narrow size distribution. . Cake ratios predicted from the polydisperse force balance model for the dp., = 57 tam distributions used. Volume-mean diameter substituted in the cake build-up number. T = 30:C, load of solids = 30 g.
increasing load, while they shift in the opposite direction in the transformed experimental results• If however particle polydispersity is taken into account the experimentally observed trend agrees with the model results (Fig. 9) . Also in Fig. 8 and 9 gas velocity has been corrected for cross-sectional area reduction due to cake formation [eq. (19) ].
The trend observed in the polydisperse model can be explained as follows: According to the above equation [eq. (21) ] the prediction of the cake ratio vs cake build-up number curve at a load of 10 g from results at a load of 60 g depends on the particles responsible for the final 1/6 of the resistance at the latter load. . Cake ratios predicted from the polydisperse force balance model for the dp,,. = 57 lam distributions used. Resistance diameter [eq. (11)] substituted in the cake build-up number. T = 30'C, load of solids = 30 g directly proportional to cake volume and average particle size in the suspension varies with cake ratio.
Relatively large particles present in a suspension deposit at higher cake build-up numbers based on resistance diameter I-IR than smaller particles, since the cake build-up number based on their size is lower. Specific resistance is known to decrease with particle diameter. Therefore, the final 1/6 of the resistance of 60 g consists of a larger volume of solids of a larger average diameter as compared to 10 g of particles.
The former effect may lead to higher solids concentrations and therefore to deposition at lower cake buildup numbers FIR as compared to 10 g of particles. The increase in size however leads to deposition at higher dimensionless numbers FIR as compared to 10 g of particles and this evidently is the predominant effect leading to the observed agreement with the trend from experiments (Fig. 9 ). . Measured cake ratios for four different dp.,. = 57 lam distributions. Area-mean diameter substituted in the cake build-up number. T = 30°C, load of solids = 30 g. [-]
Fig. 14. Measured cake ratios for four different dp.,. = 57 p,m distributions. Resistance diameter [eq. (11)] substituted in the cake build-up number. T = 30°C, load of solids = 30 g.
Influence of particle size distribution
Calculated cake ratio vs cake build-up number curves obtained from the polydisperse force balance model can be found in Figs 10-12. These three figures differ with respect to the characteristic diameter substituted in the cake build-up number. It can be observed that the curve of the narrow size distribution for a considerable part lies to the right of the other curves if volume-or area-mean diameter is substituted. If however resistance diameter [eq. (11)] is substituted, this is no longer the case and calculated curves intersect in the vicinity of CR = 0.5, as predicted from the step function model. Data calculated upon substitution of series diameter [eq. (9)] are not shown since they show similar trends as observed when area-mean diameter was substituted.
Experimentally determined curves show the same trend with respect to diameter substituted ( Fig. 13 and  14) . The intersection at CR = 0.5, as predicted from the step function model can however not be observed (Fig. 14) , although experiments can be described reasonably well by a single curve upon substitution of resistance diameter. It can also be observed in Fig. 14 Fo that the curve with the narrowest distribution ap-FR proaches the condition of maximum cake build-up ,q (CR = 1) at lower cake build-up numbers as predicted Hbo,om by the polydisperse force balance model (Fig. 11) .
Hfiu,:r Though qualitative agreement between trends ob-Hto p served from model and experiments exists, the expert-J mental curves are still considerably broader than L those theoretically calculated. This may be explained by the neglect of the influence of filter length. Solids M, concentration is in fact a function of axial position. R Therefore, locally the flux may be high enough for /~, cake formation, though it is not on average. The u opposite may also be true. Both effects may contribute u' considerably to the broadness of the curve based on average values.
CONCLUSION
Incorporation of polydispersity in the force balance model broadens the calculated curves of cake ratio vs cake build-up number. Calculated curves are however still considerably steeper than those obtained from experiments. Though results from the monodisperse force balance model at lower loads can be calculated from those at higher loads using a mass balance-based transformation, this is not the case for the experimental results, if the effect of particle polydispersity is taken into account, the experimentally observed trend is however reproduced.
Qualitative agreement between experimentally observed trends upon variation of particle size distribution and results from the polydisperse force balance model has been demonstrated. Quantitative discrepancies may be attributed to the neglect of the influence of filter length.
